This paper describes an absorbing boundary condition for finite-difference modeling of elastic wave propagation in two and three dimensions. The boundary condition is particularly effective for obliquely incident waves, typically quite troublesome for absorbing boundaries. Analytical predictions of the boundary reflection coefficients of a few percent or less for angles of incidence up to 89" are verified in example finite-difference applications. The algorithm is appropriate for use in a velocity-stress finite-difference (vs-fd) formulation. It is computationally simpler than a similar absorbing boundary given previously for the standard displacement formulation. A second algorithm is presented which may be advantageous when the boundary of interest is exposed to strong evanescent waves. Both algorithms require that the adjacent elastic medium be locally homogeneous.
INTRODUCTION
In finite-difference modeling of elastic wave propagation, absorbing boundary conditions are required to prevent spurious reflections arising at edges of the domain of computation from compromising the accuracy of results in regions of interest. In a previous paper (Randall, 1988) , henceforth referred to as Ref 1, a new absorbing boundary was introduced for two-dimensional (2-D) and three-dimensional (3-D) finite-difference modeling of elastic wave propagation. This boundary condition, using the notion of scalar potentials, separates compressional and shear components of the incident vector displacement fields, allowing application of an excellent scalar absorbing boundary condition given by Lindman (1975) . In Ref 1, I used the standard displacement finite-difference formulation (Kelly et al., 1976) . In the present paper, the absorbing boundary condition given in Ref 1 is generalized to the velocity-stress finite-difference (vs-fd) formulation (Madariaga, 1976; Virieux, 1986) . The vs-fd formulation is very flexible and has important advantages for modeling irregular fluid-solid interfaces or free surfaces.
In the vs-fd formulation, the new boundary condition is greatly simplified because significant mode boundary condition more local in nature and eliminating wraparound.
The remaining restriction for application of the new boundary condition, namely, that the medium be locally homogeneous in the immediate neighborhood of the boundary, remains. The elimination of this restriction is the subject of current research.
ABSORBING BOUNDARY FOR ELASTIC WAVES
Consider an isotropic, elastic medium with compressional and shear velocities c and s and density p. The displacement velocity vector v and stress tensor T satisfy the coupled first-order equations and ; = h(V -v)! + p(Vv + VV),
where I is the identity matrix, V * T is the divergence of a tensor (Jackson, 1962) At the boundary x = x,, equations (1) and (2) fail to produce finite-difference equations for ZI~!,/,~+ ,,2,c+ ,,2, T,,,J,k,e_+ ,,2, or T~~~,~+,,*,~ due to the truncation of the finite-difference grid.
The function of the absorbing boundary is to provide these three quantities or equivalents such that spurious reflections are minimized. If the elastic medium is locally homogeneous near the boundary of interest and the stress 7 eliminated, equations (I) and (2) combine to produce the vector wave equation
The velocity may be written as a sum of curl-free and divergence-free parts v=V$+VkA, 
Both Ll and L2 are based upon best-fit rational series expansions of the one-way wave equation (projection operator) in terms of the transverse wavenumber, whereas paraxial boundaries employ formal power or Pade series. The rational expansion is better able to approximate the singular behavior of the projection operator throughout the entire range of incidence angles. Stable, second-order accurate finite-difference implementations of the new absorbing boundary condition using both Ll and L2 have been obtained and are described in Appendix A. In the next section, numerical results are given which demonstrate with both numerical evaluation of the reflectivity matrix and example finite-difference calculations the effectiveness of the new absorbing boundary condition.
NUMERICAL RESULTS
The absorbing boundary condition is formulated in the space-time domain; reflectivities are properly considered in the wavenumber-frequency domain. The reflectivity matrix R relates incident and reflected waves as a function of frequency, polarization, and transverse wavenumber. Incidence angle is related to wavenumber through 0 = sin-' (ck,/w), where c is the wave propagation speed and o is angular frequency. For evanescent waves, where ck, > w, 0 is complex. The determination of R for the present boundary conditions closely parallels thatin Ref 1. Details of the calculation are given in Appendix B.
In Figure 2 , the diagonal elements of the reflectivity matrix 8 a 3 0.
-1.
-2. Figure 2b , these wavelets are dominated by high-frequency components: they are maximum for normal incidence; but most importantly, their amplitude is on the order of 1 percent. These small reflections are due to truncation error (grid dispersion) in the boundary finitedifference formulation. The high-frequency ripple with an amplitude about 1-2 percent trailing the shear body wave is also a manifestation of grid dispersion but on the interior of the grid. Both effects could be reduced by refining the grid. With the effective angle of incidence of the body waves so close to grazing, this calculation represents a severe test of an absorbing boundary condition. In Figure 4b , a secondorder paraxial boundary is applied at the upper and lower horizontal boundaries. The compressional body waves in both half-spaces are distorted by reflections from the boundaries, and shear pseudo-head waves have been generated. Similarly, reflections of the shear body waves at the boundaries and mode conversions into evanescent compressional waves are evident.
In another vs-fd calculation, the upper half-space is made identical to the lower one so that only two body waves are excited: a compressional wave which is a maximum on the plane y = 0 and a shear wave which is maximum on the plane x = 0. In Figure 5 equations (B-13) and (B-24)-(B-25) 
